Abstract. It is shown that double commutants of operators quasi-similar to normal operators are reflexive.
range (resp. an injection) X such that XTX = T2X. Tx and T2 are quasi-similar by definition if Tx < T2 and T2 < Tx.
If N is a normal operator, the commutant {N}' becomes a von Neumann algebra by the Fuglede theorem, so that both the commutant and the double commutant [N)" are reflexive. If an operator T is quasi-similar to a normal operator N, the commutant { T}' is reflexive because the reflexivity of commutant is preserved under quasi-similarity [1] and {./V}' is reflexive. In this note we shall show that the double commutant {T}" is reflexive too.
Theorem. If an operator T is quasi-similar to a normal operator N, then the double commutant {T}" is reflexive.
Before going into the proof, let us present an immediate consequence.
Corollary.
If T is a contraction of class Cxx, that is, lim"_0O||r"x|| # 0 and lim"_00||r*"x|| ¥• 0 for every nonzero x, then the double commutant {T}" is reflexive.
In fact, it is well known that a contraction of class Cxx is quasi-similar to a unitary operator (see [5, Proposition II.3.5] ).
This result for a Cn-contraction T was proved in [3, Theorem 3] under the condition that every injection in {T )' has dense range.
For the proof of the theorem we need a lemma, which is an analog of [3, Lemma 5] for Cxx-contractions.
Lemma. Let T be an operator quasi-similar to a normal operator. Then, for Jt G Lat T ( = the family of all T-invariant subspaces ), the following conditions are mutually equivalent.
(i)T\Jt is quasi-similar to a normal operator. (ii) T\Jt > Nx for some normal operator Nx. Proof of Theorem. By assumption there are quasi-affinities X and Y satisfying XT = NX and TY = YN. Without loss of generality, the product XY can be assumed to be nonnegative. Indeed, since XY g {N}', XY admits the polar factorization XY = UP in the von Neumann algebra {./V}', where U is unitary and P is nonnegative. The quasi-affinities U*Xand Y satisfy the required condition.
The inclusion {T}" ç. Alg Lat{T}" is obvious. To see the converse inclusion, take A g Alg Lat{T}". In order to show A g {T}", it suffices to prove that A commutes with YCX for all C e {N}'. In fact, then A commutes with YX, and also with YXBYX for any B e {T}', because XBY belongs to {N}'. Therefore we have 
